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sample becomes

( u#
I-m = K1 arc + jtic.. +

U,u + jwv. “)

On the other hand, if the material is isotropic,

pression for the equivalent admittance of the

becomes

(35)

the ex-

sample

(36)
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Traveling-Wave Coherent Light-Phase Modulator

M. EZZAT EL-SHANDWILY, MEMBER, IEEE, AND SAID M, EL-DINARY

Abstract-The use of a rectangular waveguide partially loaded
with electrooptic material as a laser beam phase modulator is ana-

lyzed theoretically. The characteristic equation, fields, power, and

attenuation are obtained in terms of normalized parameters. Design
procedure of the modulator is given with particular reference to KDP.

I. INTRODUCTION

T
HE USE OF electrooptic (EO) materials for am-”

plitude or phase modulation of a coherent light

beam has been analyzed by several authors [1].

For a traveling-wave modulator, a waveguide partially

filled with the EO crystal is usually used to support the

modulating signal. Kaminow and Liu [2] analyzed the

propagation characteristics of a parallel plate guide

partially loaded with KDP crystal. In their analysis,

TEM fields are used to produce phase modulation of the

coherent beam. They found that for practical KDP

crystal dimensions, 3 GHz is the highest frequency for

broad-band operation for the collinear geometry.

Higher order modes have not been considered. Peters

[3] demonstrated experimentally the operation of a

traveling-wave coherent light-phase modulator. The
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structure used was similar to that analyzed theoret-

ically by Kaminow and Liu [2]. A modulation index of

unity was obtained with a modulating power of 12 ~.

Chen and Lee [4] analyzed the propagation charac-

teristics of a cylindrical waveguide partially filled with

a cylindrical dielectric light modulation material. They

considered only modes with no angular variation. Their

analysis reveals that for TM mode propagation there

is a nondispersive region which is suitable for broad-

band modulation.

Recently, Putz [5] described an experimental micro-

wave-light modulator, using a ring-phase traveling-

wave circuit, with KDP crystals filling the space inside

the rings. The KDP crystal is used in the longitudinal

mode, i.e., with the light beam along the optic axis. The

modulator uses 10 ~ of input. power to produce AM

modulation at a modulation depth of 40 percent with

10-percent bandwidth. However, for phase modulation

it gives only a modulation index of 0.2 rad. Vartanian

et al. [6] investigated the propagation characteristics of

TE.O modes in dielectric loaded rectangular waveguide.

Our work is concerned with the same strut ture for use

as a laser beam phase modulator.

In Section II, we give a brief description of the phase

change in a laser beam traveling through an E*O crystal

in the presence of an RF field. Section II [ treats the

problem of electromagnetic wave propagation through
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Fig. 1. Model ased for analysis,

a rectangular waveguide partially loaded with

crystal. The design of the modulator is treated

tion IV.

II. PHASE MODULATOR OpImArroN

an EO

in Sec-

The modulator considered in this paper is a rectangu-

lar waveguide filled with two different dielectric media,

as shown in Fig. 1. Medium 11 is the EO crystal which

is placed symmetrically at the center. The modulator

uses the KDP or ADP crystal in the ?’63 transverse

mode [7].

Consider a crystal with principal axes XI, w, and m.

When a field E3 is applied along the X3 axis, the principal

axes become x2, XI’, and x2’ at 45° to the xl and X2 axes.

The refractive index for X3 remains 723while

When a coherent light beam polarized along x2’ passes

through the EO crystal parallel to the xl’ axis, it will

experience a phase modulation. Since the m = O section

of the index ellipsoid is circular, it follows that in the

absence of an applied electric field an xl’ directed light

beam polarized in the 33= O plane will propagate as

exp ju(f — (nJc)xl’). After traversing a distance L, the

emerging beam will experience a phase retardation with

respect to the entering beam equal to

(1)

When the electric field E3 is applied the phase retarda-

tion (1) becomes

The change in phase due to the electrooptic effect is

sL
AI# == – ; n13rc3 133dxlf

o

where AO is the free space wavelength. When E3 travels

with the same velocity as the light beam, then, taking

the attenuation into account, A~ will be given by

(1 – ~--~L)

Ad = – : fi13rc3E3’ ——–— (3)
0!

where Etr is the amplitude of the electric field and a is

the attenuation constant.

When there is a velocity difference between the laser

beam and the microwave field, the change in phase for

the lossless case will be given by [2]

()UL II
u =————,

2 Uv

U velocity of light in the EO medium,

v phase velocity of the RF modulating field.

The EO crystal is placed in the waveguide such that its

axes x’!, x3, and xl’ coincide, respectively, with the X,

y, and z axes for the waveguide.

III. THEORETICAL ANALYSIS OF THE STRICTURE

In this section, the electromagnetic wave propagation

along the structure shown in Fig. 1 will be analyzed. In

general, the normal modes of propagation are neither

TE nor TM, but a combination of both of them. How-

ever, when there is no variation of the electric field in

the y direction, it will be possible to have either the TE

or TM mode alone.

consider the propagation of TE~O modes; the prop-

agation equation for Hz can be written in the following

forms:

)
O<k<vz I (5)

& = fi~~
t

in region I and III (6)

I
d’H.

c) — = (k2 – L?2q)Hz, /3+~ < k < /W’C~ (7)

dx’ J

and

d2HG

_ = – (/3’,2 – k’)~z, in region 11
dx’

(8)
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where

~ =U~pOeO = u/c free-space propagation constant,

q, Q the relative dielectric constants.

The fields are assumed to vary as exp j(ut – kz) and

the boundary conditions are the following:

Eia, = E. is continuous fi~.n = IIa is continuous. (9)

We introduce the normalized parameters

a
v = /3aet 1/2 = ‘2 Te21/2 —

Lo

proportional to the width of electrooptic medium

sured in wavelength in that medium,

Q = c: S 1, ratio of dielectric constants

()
ratio of cross sectional area of

~= 2_l,

a media I and II

mea-

(10)

where v is the velocity of propagation of the electro-

magnetic wave. Solving (5)–(9) and using Maxwell’s

equations, the expressions for the electric fields in the

dikerent regions in terms of

(10), are as follows.

Case a: (O<wz<@)

(
~lu = EO sin v~Q – WLS~

a“)

r

the normalized parameters,

(11)

1 — ( ‘( a))E2U = E. sin (v{~Q – mz) cos v~l – mz ~ – ~

d
Q–m2

— — cos (vf~Q — mz)
l–m2

“Sin(v-w))l

[ dI–mz
E,v = – E, COS (2v~1 – m’) – —

Q–%2

. tan (vf~Q – m2) sin (2vv’1 – mz) 1
“Sin(v-(’’++)

and

(12)

(13)

where ZO = rep/k is the wave impedance, p is the perme-

ability, and E. is a constant, m can be determined from

the characteristic equation:

(Q – m’) COS2(&v’Q – m’) sin (2v~l – m’)
.—

– (1 – m’) sin’ (&v’Q – m’). sin (2v~~– w’)

+ 2#(Q – m2) (1 – m’) cos (fvv’~ – m’)

. sin (@v’Q — mz) cos (2v~l – nzz) = O. (15)

Case b: (m= -@)

(16)

.dasin(v-(+))E2u=––

.—
E,v = – &[COS (2vv’1 – Q) – v~~l – Q

. sin (2vti~-~)] (2f + 2 – ~) (18)
a

and

Hz= –:o Eu (19)

where v can be determined from the following equation:

[V2~2(l – Q) - 1] sin (Zvtil – Q)
.— ——

– 2v~~1 – Q COS (2v/1 – Q) = O. (20)

Case c: (~~<m<l)

(
Elu = E. sinh v~m’ – Q ~

)
(21)

a

-dmz — Q-
—. cosh (v~~m2 – Q)
I–mz

sin(v~~({-~))] (22)

[

—.

d

1–%2

ESU= — E. cos (2v41 — m2) — —
m2— Q

. tanh (v{<ms – Q) sin (2v~l – m’) 1
“sinh(v@%2’+2-i3)

and

(23)

(24)
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where m can be determined from the characteristic

equation

(W2 – (1) cosh’ (.@v’m2 – Q) sin (2v<I – m’) – (I – ~z)
—. ———

. sinhz (~v~m2 — Q) sin (2v<I — WZ2)

+ 2ti(m2 – Q)(I – mz) . cosh (~v<m’ – Q)

. sinh ({v<rnz – Q) cos (2v/1 – mz) = 0. (25)

Cuto# Frequencies

The cutoff frequencies

by putting

k=o,

can be determined from (15)

i.e., m = O

Q COS2 (rvv’~) sin (2v) – sin’ (.?v@) sin (2v)

+ 2v’O cos (@@)” sin (.?v@) cos (2v) = O. (26)

Power Flow in the Shwcture

From the Poynting theorem, the average power flow

through the cross section of the guide is given by

P = 1/2 Re Ss(77x77*)~di
where E* is the complex conjugate of the magnetic

field vector. Using (14), (19), and (24)

bSs‘d b ‘d

P=–1/2Re EUHZ*dxdy = — Jll E. 2dx.
00 2Z0 ,

Since the structure is symmetrical with respect to the

plane x = d, the power expression can be reduced to

d

P=~ j-l EU 2dx.
2-0 0

(27)

Substituting the values of Ev from the above equations

for the different regions, and evaluating the integral,

the following expression results:

(28)

where

A

Z(I

P2

PI

the cross sectional area of the guide,

the wave impedance = – Eu/H%,

corresponds to the power flow in the electrooptic

medium,

corresponds to the power flow in the remaining

part of the wave guide.

The expressions for ~1 and pz for different

follows.

Case a:

sin (2vf~77— m2)

@l’t– — —
2v~Q – m2

cases are as

(29)

*2=Q–2 —— .—— COS2(v{~Q --m2) +- sing (vf~Q – m2)
I–mz

~ 4Q–m2 ——_
cos (vf~Q — mz)

v(1 — m’)

.sin (v{~Q – m2). (30)

Case b:

p, = &3 (31)

1
p’ = [1. + ~+ v’f’(1 - Q)].

v’(1 – Q)
(32)

Case c:

sinh (2v{~m2 — Q)
p, =

2v~m2 – Q
–.? (33)

m2— Q ——
pz = — cosh2 (v{~m2 -- Q) + sinhz (v{~rn,2 – Q)

I–mz

~m2–Q _
+ cosh ({v ~m’ – Q)

v(1 — m2)

. sinh (v{~m2 — Q). (34)

It is desirable to choose the parameters which maximize

the ratio @J(pl +*2.) since this means more efficient

utilization of the incident power.

Dielectric Losses

The attenuation constant a due to the dielectric losses

is given by

PL
~.—

2P

where PL is the power lost in the dielectric and electro-

optic media per unit length, and is given by

b

PL = H 2“IE%I]JU]
——7—— dxdy

00

AI Eo/2v
—

4({ + l)amzo [QP1tan~1+ PZtan&] (35)

where E = .s’—je’! and tan 8 = en/c’.

Then the attenuation constant a will be given by

~ = ~QP~ tan & + P2 tan a,]

2am(p1 + p,)
(36)

Copper losses in the guide walls are neglected, since

they are small except near cutoff where they may be

comparable to the dielectric loss. The above expressions

will be used in the following section when the modulator

desism is considered.
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The characteristic equations are solved numerically.

Fig. 2 is the normalized characteristic curve which

shows the variation of m with v between the cutoff

values of the first and second modes for Q = l/20 (air-

KDP) r =4, and ~= 20. When air is replaced by poly-

styrene (Q = 2.25/20) the normalized characteristic

curves are given in Fig. 3. Fig. 4 shows the field varia-

tion across the waveguide cross section for Q = 1/20,

~=+ v= O.56, and v=O.1.

IV. MODULATOR DESIGN

When using the structure as a laser modulator, the

following requirements should be taken into considera-

tion.

1) The RF modulating signal and the laser beam

should propagate in synchronism. This requirement

fixes the normalized parameter m to a value given by

n = m&-. (37)

2SSSTRANSACTIONS ON MICROWAVE THSORY AND TECHNIQUE+ FRBRUARY 1972

TABLE I

Case m Q r v

0.328 0.05 4 0.56
;; 0.328 0.05 20 0.28

0.328 0.1128 0.47
:] 0,328 0.1128 2: 0.47

For a given EO medium in the waveguide, (37) gives

the required value of m.

2) The field variation in the EO crystal should be as

small as possible to give uniform modulation across the

cross section of the light beam.

3) The total input power is not used for modulation,

but only a fraction proportional to p,. Therefore, the

ratio PJ(I%+I%) should be as large as possible to in-

crease the efficiency.

The design of a laser phase modulator proceeds as

follows.

1) Choose a particular EO crystal (to be specific we

will choose KDP, and the rest of the discussion will be

concerned with this particular crystal) and use (37) to

obtain the required value of m which ensures beam-

wave synchronization. The parameters for KDP are

[2], [3]: n= 1.47’, cZ=20, rog=9.7 X10-12 m/V, and

tan & = 7.5X 10–3. Therefore

n
-= = 0.328 = m.
de2

2) Use Figs. 2 or 3 to obtain the corresponding value

of v, The parameters obtained are shown in Table 1.

The values of v for polystyrene-KDP (cases 3 and 4)

are close to their corresponding cutoff values (v= 0.43).

Therefore polystyrene-KDP will be disregarded. The

values of m and Q for air-KDP (cases 1 and 2) satisfy

the relation W@< m <1, and therefore, the expressions

for case c in section III will be used in the following

calculations.

3) Choose a crystal width a; a practical value for

the KDP crystal may be taken as 1 mm. Use (36), (33),

and (34) to calculate the attenuation constant a.

4) Choose a modulator length L and use (3) to ob-

tain the amplitude of the electric field Et’ for a specified

Ad and laser wavelength AO.

5) The value of E3’ obtained from step 4) is equated

to the right-hand side of (22) from which EO is ob-

tained. Equation (22) will be evaluated at the middle of

the guide cross section x = d (as will be shown, the varia-

tion of the field across the crystal width a is small).

6) Equations (28), (33), and (34) give the required

RF modulating power for a chosen cross-sectional area

of the guide.

7) The bandwidth of the modulator is determined to

a good approximation by the reduction factor q [2 ],

where q is given by
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TABLE II

Ev(x=d–u) @
P BW

W Q.c Y a (w) (’%) Eu(. =d) (P,+P2)

0.328 0.05 4 0.56 3,04 12
0.328 0.0.S 20 0.28 0.544 26 4;

0;89 0.473
0.96 0.17

sin u
q= —. (38)

u

At synchronism v equals unity; when there is a velocity

difference between the RF modulating wave and the

light beam, ~ will be less than unity. Using the nor-

malized variables previously defined, (38) can be writ-

ten as

(39)

where it has been assumed that u is small such that

sin u can be approximated by the first two terms in

its power series expansion. Taking q = O..5 as a lower

limit and choosing L =25 cm, (39) gives

0.0152
m= 0.328~ —-----

v
(40)

This equation is also plotted in Fig. 2. The bandwidth is

calculated from the intersection of the characteristic

curve and the curve q = 0.5.

8) The value of the electric field at the edge of the

EO crystal (x= d – a) relative to its value at the center

(x= d) is calculated to check the modulation uniformity

across the beam cross section. Values close to unity give

uniform modulation. Also, the ratio pJ(Pl +p.J is cal-

culated. A large ratio gives larger efficiency.

Table II shows the results obtained when the above

procedure is applied to design a modulator with the

following specifications: a = 0.1 cm, b = 0.5 cm, L =25

cm, air-KDP, ho= O.69 p, and A+= 0.5 rad.

These results indicate that the bandwidth and the

field uniformity across the beam increases with the in-

crease of ~, while the opposite is true for the efficiency,

The choice between these two cases is decided by the

relatiye importance of the results, e.g., P>W, power,

etc., in the particular application of the modulator.

V. CONCLUSION

The analysis presented in this paper shows that

rectangular waveguides partially loaded with EO crys-

tals can be used as a traveling-wave laser phase modu-

lator, A step-by-step design procedure of the modulator

is given from which the RF power, bandwidth, and the

efficiency for a specified phase modulation A @ can be

determined.

The requirement of synchronization between the RF

modulating signal and the laser beam limits the range of

the operating frequency of the RF signal. The numerical

example taken, for KDP, indicates that the BW and

the field uniformity across the beam increase with the

increase of ~, while the opposite is true for the efficiency

(1%/Pl +42).
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